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Abstract

This note is devoted to the behaviour of high power rf cavities with transversely biased
ferrite garnet used for varying the frequency in rapid cycling synchrotrons of the type
designed in TRIUMF and SSCL. The magnetic loss and nonlinear effect, though essential
for the operation and determination of limits of the application, has not been previously
studied to any great extent. A method of analysis using minimum specific details is devel-
oped and sirﬁple formulae, physics and estimates of the trend of magnetic loss, nonlinear
frequency shift and possible instabilities in the c#vities as a function of rf power level and

ferrite garnet parameters are presented.
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1. Introd}lction

Tuning of rf cavities by transversely biased ferrite garnet is a relatively new method
[1,2] used at present for the design of state- of-the-art tuned rf cavities for rapld cycling
syncrotrons. The cavities of the considered type have a specific axial geometry. In partic-
ular, this is the design used at TRIUMF and SSCL [3,4]. Essential factors and limits ‘of
the application are determ.med by magnetlc loss and associated nonlinear phenomena in
the ferrite garnet at high rf power level. They have not been systematlcal]y studied. There
are a lot of investigations on the behaviour of ferrite garnets at microwaves frequencxes
but at Jower frequencies one encounters different phenomena.

In this note, a method of analysis within a general problem statement combined with
estimates for the system in TRIUMF will be presented. :

It seems reasonable to divide the processes into slow and fast. The magnetization of
the ferrite garnet follows the magnetic rf field almost simultaneously and the nonlinearity
of the magnetic permeability gives rise to relatively fast nonlinear processes as compared
to'thermal and thermoelastic processes. The latter can be regarded as slow and taken into
account parametrically by considering the parameters of the fast system dynamics to be
smoothly varying. The slow processes can be controlled to some extent by using feedback
loops while the fast ones are more basic and they will be the focus of our investigation.

One of the questions under investigation, about the nonlinear shift of the resonance
frequency of the rf cavity, was considered recently [5] but within a simplified model. The
demagnetization field in the material was implicitly ignored. The relaxation of the ferrite
magnetization was ignored as well. Both factors are of importance for linear and nonlinear
behaviour of the considered systems.

2. Problem statement

We proceed from the well-known general equation governing behaviour of magnetiza-
tion M(r,t) of magnetic material
oM
-a—t—-gHefo-i-R ; (1)
where g is the gyromagnetic ratio, ¢ =~ 2.8 MHz/Oe for most materials, R describes
dJss1patlon processes and H.; is the effective field determined as

H(r,t) = —E—IV_;E(U;,T) | | (2)

U is the energy of the ferrite including its interaction with external field, demagnetization
field, anisotropy and exchange.
The dissipation term R in (1) will be specified by the Landau-Lifschitz form

R=22Mx (H,, x M) | (3)



The magnitude M = |M|, determined via (1), is not changed by this kind of damping.
a is a dimensionless parameter depending on the ground state of material which in turn
- depends on the applied field.
‘Such a modelling is successfully used in micromagnetics to describe spin waves, domain
wall motion and the umform precession of M at microwaves and radio frequencxes (e. g
[6,7))- |
‘ When 1gnonng inhomogeneities of the material and considering the applied fields ex-
ceedmg the hysteresis area so that the domain walls in the material practically disappear,
one may. neglect the contnbutxon to H,; due to the energy of amsotropy a.nd exchange
and take

Hej—H‘ , B

where H is the magnetic ﬁeld in the garnet. S ’ .

These equations, together with Maxwell’s equations and boundary conditions, form
the basis of our analysis of the fast processes in the system.

The magnetic material in the rf cavities of interest is yttrium-iron garnet ring dxscs
bla.sed along the axis of the discs (t_aken for axis z) by external dc and ac magnetic field,

= (0,0, H,).

The amplitude H., is relatively large, close to saturation, and exceeds con51derably the rf
field. Approxxma,te]y
hc .L He

‘where h, is the rf field in the cavity at the surface of the garnets in their vicinity. Both
fields are assumed to be inhomogeneous but to vary smoothly at spatlal sca.]es compared
with or smaller than the thickness of the garnet ring disks.

3. Linear and nonlinear permeability

- . Proceeding from (1) to (4) let us rewrite them in the form

M+%MXM=MHXM (5)
where M = M /0t and g.; = (1 + a?)g .

_ The low loss materials, with a much less than 1, are of interest so without introducing
a large error we may replace g.s in the right of (5) by g. Note that i in contrast to what
is written in some manuals, eq.(5) is exact and not an approximation of (1) to (4) valid
only for small oscillations of M with respect to its unperturbed value (0,0, M).

Remark 1. In applications of (5) in microwaves, the parameter o is related to the

line widths AHj of spin-wave resonance and AH of uniform spin-precession resonance at
microwave frequency w, as

_ gAH;

=
and with AH instead of AH, respectively. For the garnet used in the booster synchrotron
in TRIUMF AH; = 1.5 Oe and AH = 40 Oe at w, /27 = 9.4 GHz, so



a~4.5-10"* and 1.2- 1072 respectively.

What value of e is relevant for the case? We have not found any discussion of this
matter. The question is of essential importance and let us dwell on it. The linewidth
AH of the uniform ferromagnetic resonance is broadened considerably as compared to
the linewidth of a single crystal as illustrated by Fig. 1. This is due to inhomogenities
and polycrystaline structure of the material. The quantity A Hj, being assocciated with
parametrical excitation of the spin-wave with the lowest threshold of the excitation, is
closer to the linewidth of a single crystal (or a small subvolume of the material) than
to AH. Since the radio frequencies of interest are much below the resonance microwave
frequencies, all the partial contributions to the uniform mode resonance curve from such
subvolumes decay at w <€ w,, approximately the same as a single crystal decay. Therefore
it seems reasonable for the application of interest to take for a the quantity associated
with A H,; rather than with AH.

Such an estimate of a, via AHj, we find in Rodrigue [8] (but thhout an explanation).
The result implies that the remote tails of the resonance lines obey the same decay law as
near the resonances. In fact, this statement generally does not take place since the relax-
ation mechanisms entering into the game at microwaves and the rf region of interest differ.
Note also that only some mechanisms (”slow spin relaxation”) are correctly described by
the energy loss formulation (3). Besides, and this is rather essential, the bias field in our
application, in contrast to the measurement of A H, at microwaves, is not large enough to
neglect losses due to magnetic hysteresis phenomena.

In view of these reasons the value of a can differ from the value of gAHj /w, signif-
icantly. Practically, we should rely on (5) with the @ considered as an experimentally
determined parameter, admitting its possible dependence on H. and rf power level.

Remark 2. The field H in (5) is the field inside the garnets, it differs from the sum
H. 4+ h.. We denoted by the latter the external fields, outside of the garnet ring discs,
at their surfaces. The components of H in the cylindrical coordinate system (r, ¢, z) take
the form

H=(h,, hy,, H.—47M,) (6)

where M, is the axial component of M; h, and h,, are the radial and azimutal components
of h.. Such a form of H corresponds to the limit of small thickness of the ferrite discs as
compared to other spatial scales. In particular, the rf component of H, h, differs from h,
by the axial demagnetizing field (0,0, —47m,) where m, is the rf component of M,. For
the rf system in TRIUMF the component A, is much less than h, and in estimates we
adopt h, = 0 for simplicity.

Linear regime.

In the linear rf regime, correspondmg to the limit h - 0 the rf oscillations of M
m(r,t), have a small magnitude m < M. Neglecting the terms of orde:r ~ m2/M? the
equation (5) reduces to the form

mw-amr =gHomr"thr (8)

where

HO=H¢"-41('M.



The stationary solution of {7) and (8) for h, = 0 and h, ~ €** reads, in terms of
complex amp}itudg§ of f{rg‘quepcy{_cq, L

(wo + tow)wy,

= bho BN
mo=———m, (10)

B e ' ; wo + iaw
‘where wy; = gM and - e TR
SRS “ wo=gH, =g(He~ 4xM)
s the natura] frequency of the ferromagnetlc resonance For w/21r = 50 MHz and H o = 400
Oe o ,
- C wlw, = 1/40.
‘The ratio: lm,:/ m¢|, as:seen from (9) and (10), is of thé same sma.l] ma.gmtude
. Approximately, for qualitive analysis and for estimates within the accuracy ~ O{w?/w?)

my(r,t) = ;}];ith(l‘,t -1) ‘ a1
| _ M oh(rt)
mr( t) Hawo at , N (12)

The field H, = H, ~ 47 M, being dependent on H;; depends smoothly on t, with cychng
»frequem:y, a.nd on r. The delny time equa]s

T= a/wo

and is relatlve]y sma.l] w‘r < 1. For the consndered case wr ~ 107 -4 and smal]er

The permeabnhty component y = u' — z,u " determined as the ratio of b,/h,, where
b, = h, + 47m, with m, given by (11), takes the form
| B o weM
H ] I'l' i_awo'H‘o .
and the. corespondmg magnetlc quahty factor .of the umfarmly ma.gnetxzed matena] is
‘glven by ‘ , , ;

Om = ur aw41rM' (13)
The quantity p' is nothing but the static transverse permeability,
Magnetic loss versus w and 3", *~
The magnetic Q-factor Q,, as a function of ' reads
@n . 14
T W1 aw (14)

The same formula for the magnetic @ was cited in [9] in a different approach. With
decreasing of the operating frequency w. the factor Q,, increases like 1/w. Such a feature -
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is due to the viscous character of the magnetic damping in (5) which is proportional to

the derivative of M !. Since the viscous damping disappears in the limit w — 0, earlier
or later a different kind of magnetic loss (e.g. associated with hysteresis phenomena)
should become a factor. We may phenomenologically incorporate such a magnetic loss,
including in a a frequency dependent contribution that increases as w decreases. The
smaller the ratio H,/H,, where H. is the coercitive field, the larger is the magnetic loss of
the hysteresis type. What is the contribution of the hysteres:s mechanism of loss for the
systéms under consideration?

As evident from (14) the closer ' is to 1, i.e. the larger the field Ho, the larger is the
Q... However, the closer u' is to 1 the harder it is to provide broad frequency band cavity
tuning. Therefore the regimes with ultimately small H, are preferable. To what extent
it is possible to decrease H,? Looking at (13) or (14) one may think that with decrease
of H, the @ decreases roughly linearly in H,. But this is not so, since the value of a

‘changes drastically with H, due to the hysteresis magnetic loss mentloned above. Let us

investigate this trend vsing the measurements performed by Smythe [10].

Fig. 2 shows the behaviour of Q,, and p’ versus w/27 on the base of data [10a] for
the ferrite garnet used in TRIUMF. The trend of o estimated from the data as

y o ogdrM ‘
4 a= (' - 1)2 Qnmw (15)

is shown in Fig. 3. As seen the value of a is much below the figure estimated in sec. 2
from the microwave data of A Hy. The change of a with 4’ in the working area of y' makes
it evident that the hysteresis type of magnetic loss is predominant. The same is found for
all the types of magnetic garnets that are of interest for the rf tuning in which the Q,,
and p' were measured in [10b). The corresponding estimates of a via the formula (15) are
plotted in Fig. 4.

Thus, for the application under consideration the phenomenologlcal parameter « de-
termining the original model (5) cannot be regarded constant and its values differ by five
and more times from that one expects from the data of AH; at microwave frequencies.

Nonlinear regime.

Let us consider the nonlinear regime of moderate amplitudes of the rf oscillation of m,
when the parameter s is small

but finite. The bar denotes averaging over period 27 /w. The assumption s < 1 is relevant
for the operating conditions. The regime s ~ 1 corresponds to the magnitude of rf field
of order of H,, so it corresponds to the hysteresis area of magnetization curve and large
magnetic loss arises.

Using the asymptotic method of nonlinear mechanics [11] and neglecting the terms of
the order of magnitude ~ O(s?) and ~ O(w?7?), we obtain from (5)

m, + am, = —(w, + 41rwms¢)m‘, +wm(1 - s,)h, ‘ (16)

!Note that a different trend, with x” and Q. independent of w, exponnded in {8] on the basis of the
same model (5), is a2 misunderstanding. . :



M, = amm, = (W; + 4Twm,s, )m, — (1= 8)h, (17)
where’ | o '
o ‘ m? + 3m2
and s, is given by the sa,me expressmn w1th permutated m, a,nd m‘,, Note. t.hat the
parameter a in these equa,tlons isa functlon of s.

The stationary regime of rf oscillations fol]owmg from (16) a.nd (17) is descnbed by
the formulae similar to that given by (9) and (10) but with coefﬁcxents dependlng on S .
In particular, for h, =0 we come to the approximate result sumlar to (11):

mo(e)= (g o gy ) h@i=n. 09

Note that the approximation holds for 3,, sma.ll compa,red to 1 and in (18) the term
s,H.M|H? 2is always smaller than M/H,. Note also that the parameter S is a function
- of r and of smooth z. The field he(r,t)is tobe determmed selfconsxstently, using Maxwell’s
equations in the cavity and the denved matend relations.

Now the permeabxhty p =", prev1ously defined on page 5 as s b /h and now de-
termined from (18), is a function of the rf field intensity. Both u’ and u” decrease with
growth of the intensity, but 4" decreases faster which results in the ratio u’/u” behaving
as

Qm(s) = (1 + a5)Qnm (9
“where Q,, is given by (13) in the limit s — 0 and the factor a equals.

-3 1.8«

4= = ——

: 2 ads
since s, =~ 3s/2. It view of (18)
oniBE

2H?
For the TRIUMF system at rf volta.ge ~ 60 kV at the a.cce]eratlng gap and p. ~3

H
A considerable contribution to da/ds is due to that a is a sharp function of H, and the

mean over 27 /w value H, depends on s as H, = H, — 47M(1 — s). Neglecting the other
contributions results in ‘
3v #’(u —1)8a

e=3+t 4 O

This quantity is poéitive. Its estimate from the data plotted in Fig.3 gives at /' =3 :*
6

Note that the considered eﬁect pmvxdes sncrease of the @, (19), with growth of the rf
power density in ferrite. Such a trend does not agree with the observations presented in
[2](Fig. 5 in [2]) Analysis of the dxscrepanty is out of the scope of the present note.



4. RF magnetic loss and Q-factor of the cavity

The energy of magnetic field a.bsorbed ina umt volume of magnetlc material per cycle
of change of H is glven by

where B = H + 47M is the magnetic mduction It foHows for the o power P absorbed

‘in the garnets d'ue to ma,gnetlc loss T

Py =-— Bth hde SR SRR (20)

where AV is the volume ﬁ]led by the garnets
E.g. for h, = 0, using (18), we obtain from (20} -

— 2
P = / , FemgdV = a* o [ FodV + AP (1)

where AF,, is a small nonlinear correction associated with the term ~ s, in (18). Let us
relate P to the quality factor of the cavity Q,e,, determined by

Qres W ww Q"’" Q%)

where P is all the other o loss, W the total rf energy in the cavity,- Qn, the qua.lmy factor

of the resonator with the loss given only by P, and Qm the quality factor of the cavity
neglecting the magnetic loss. The energy W is twice the magnetic rf energy, .

——/MW

with V the volume of the cavity. In view of. (21) we obtain, neglecting small nonlmear

correction AP,,,

H w, ‘ ~
(m) = [ Yo
ot = (14 5yr) - (22)
In (22) and further H, denotes a mean field, kis a dimensionless coefficient of filling of
the resonator. More precisely, the Ho/ k in (22) means the qua,ntlty

fV h?pdV
Jav(B2/H,)dV'

Roughly

' fAV h v AV
- , bww "V
It follows from (22) and (13) v ‘

om=(1+)en

where now Qm is a mean of (13). Fork =1 the Q%) reduces to Qm.
For the conditions



a=2.10"%, £ =50MHz, /=3 and k=05
the egs. (14),(23) result in
Qn~15-10% Q= 2- 104

The nonlinear correction AP, in (21) is of order ~ s,H./H, and is of negative sign,
as is evident from the form of (18). It should be again emphasized that such a trend
corresponds to the conditions of a constant, independent on s, which is not the case for
the systems of interest. Roughly, the effect is in that the Qm in (23) should be replaced
by the Q.. (s) given by (19).

The derived relations between Qm, Qfe, and the magnetxc @ factor of ferrite garnet
allow one to estimate the parameter a and deterniine its nature by mvestlgatmg the trend
of a as a function of H, and s from the rf system behaviour. :

5. Nonlinear shift of resonance frequency

Let us investigate the trend of the nonlinear shift w,., caused by the fast nonlinear
process in garnet on the natural freqiiency wy., of the rf cavity as a function of f power.
A variety of slow nonlinear processes, first of all thermal and thermo-elastic ones, is not
taken into account in this section.

Simple approximate formulae can be derived by disregarding spatial inhomogeneity of
the magnetic permeability yu'. Then

where 6y’ is the increment of y’ caused by increase of the rf power density. In view of (18)

. 47MH, - o
bl = — =8, = —p(W - 1)s,
4 .

and

So, approximately

Sres -fz?
LS (24)
with 3 a
= 2y — B Ores
B=——(y l)w Lo (25)

The convenience of these formulae for analysis of the nonlinear frequency shift is in that
one can readily estimate the parameter § by measuring w,., as a function of y' at low rf
powers. The derivative dw,.,/dp’ is of negative sign, so the A is positive, i.e. the resonance
frequency shifts toward positive values of w with growth of rf power.

For the TRIUMF system, usmg the data potted in Fig. 2, one obtains at p’ ~ 3 the
estimate :

ﬂzi ' S (26)



Let us present another approach allowing to make a rated estimate of the dwy.,. At
resonance the magnetic and electric rf energy in the cavity coincide, i.e.

| —3-/ .ee-"‘dV=—l—/Fl_1dV o (27)

where b is the 1f part of ma.gnetxc mductxon,, €= e(r) is the dielectric permeablhty, the
electric rf field e rela.tes to.the magnetic field by. the Ma.xwel] s equatjon .

with ¢ the light ve]ocity. From these eqﬁdﬁons it follows for the resonance frequency wye,
o2 = Jy (rot h) ¢~1rot hdV

res e fy bhdV
For the geometry under consideration the sPat;al profile of roth practically does not change

with the growth of the rf power level. Therefore the change in wy; is due to changes in
the denominator of (27). So we come to the fol]owmg formula for the nonlinear shift éuwe,

6w,e, _ 1fay hébdV
Wres _— 2 fvhde

(28)

(29)
where b is the dxﬁ‘erence between total b and its linear part. In view of (18) and since

4H2'

3¢~

-this results in

Bipes | ,3[ 1 /— M— ]-1 HME
—= g e [ h2dV - =—hZdV
Wres g,;s 4r Jv ° + Jav H, V H2 szV ,(30)
Eq. (30) can be rewritten in the form -
| bwre’,sb | 3 ‘ ,Ho -1 Hci{g | -
Wres 7- 8 (1 + 47er) ;1:-175 (31)

where now H,, H, and h2 denote some spatial averages of the corresponding:local fields.
Comparing (31) with (24), we thus obtain a rated estimateof 3. In terms of 4’ (which
is a spatial average now) it reads

13 3“'0‘ -1)
8,u 1+4

Taking p' ~ 3 and k ~ 1/2 one arrives at the estimate (26) So both ‘approaches are in a
good agreement. As fol]ows from (32), since k <'1, the value of 8 cannot be ]arger than

(32)

ﬂmaz =,—(p -;1)
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- 6. Static instability

" There are several kinds of instabilities caused by ferrite garnet that may appear with
increasing of the rf power level. Most obvious is the ”static” instability: the nonlinear
frequency shift results in such a deformation of the resonance curve that the curve takes .
a hysteresis form and corresponding jumps of the stationary regime arise. Let us estimate
the threshold of static instability caused by the fast nonlinear process.

We will use the notation

The resonance curve is given by:the equation

y 1
Ymoz QL2 (y)+1 - (33)

where ymaz denotés_ the value of y at the resonance w = wyes and

w Wres

Wres w

is a dimensionless resonance detuning. According to sec. 5 the dependence of £ on y may
be approximated near the resonance by the formula

&) =& - 28y (34)

where £, = £(0) and the coefficient § is given by the expressions (25),(32). The magnitude
of # estimated both from the calculation and experimental data is given by (26). In view
of the dependence in (19) the Q... in (33) is a function of y as well and the magnitude
. of the derivative 0Q,.,/0y exceeds that of 9¢/0y by the factor a/28 ~ 6. However, this
dependence is not essential for the static instability and can be neglected in the analysis.
As a result, we arrive at a cubic algebraic equation for determining y as a function of the
working frequency w. The points {4 of detuning £, where the hysteresis jumps occur are

given by
&2 = 4By 1 1/46%% - Q7.

Denoting by 9hys the minimum value of y at which the hysteresis dependence in y(w)

appears, we obtain the criterion:
1

Yore = PQres
For the cavity in TRIUMF the @, varies with change of H, (due to change of @Q,,,) and
is about 3 -10% at g’ = 3, so in view of the estimate (26)

(35)

yhyo n~ 3 " 10-4

for the case. This value is less than the estimate 5 - 104 of y cited in sec. 3 for the
operating regime of 60 kV at the accelerating gap. So the system reaches the threshold of
instability.

n



7. Dynamic instabilities

Besides the static instability there should arise "dynamic” instabilities, appearing as
an automodulation (labeled as modulation in Figs. 5,6) of the rf output. Some of them
precede the static instability, i.e. their threshold yout < Ynys, as schematically shown in
Fig. 5. The area "hysteresis jumps” corresponds to the interval where the intermediate and
unstable branch of the resonance curve y(¢,) given by (33),(34) appears. Slow magnetic
relaxation resulting in the dependence a(s), thermal and striction processes should play
an essential role in the automodulation instabilities.

Note that even in empty cavities with rather thick (~ 10 mm) copper walls, the
mechanical forces exerted on the walls by the rf field are able to.cause low frequency
vibration appearing as an ‘antomodulation, as was observed and described for the first
time in [12} A genera] ‘theory of the striction phenomena in the resonators, both empty
and filled with magneto- or electro-elastic material, was developed in [13] for the case
when the nonlinearity due-to striction is predominant over the other nonlinearities of the
f system Then the trend of striction instabilities is as shown in Fig. 6. The theory of the
combined process, incorporating the cubic nonlinearity like the magnetic nonlinearity of
permea,blhty considered above, is similar to that developed in [14] for the magnetoelastic
phenomena in ferromagnets in the vicinity of ferromagnetic resonances. Let us present a
brief analysis.

_ Let F(r) denote a distribution of the forces averaged over time 27 [w acting on an
element of the ferrite (or another e]ement of the cavity) from the rf field. The forces cause
a deformation distribution d(r). The latter changes the resonance frequency wy.,. From
energy considerations it follows

"F(r)-—.’—

(36)

thh 6/éd(r) the functional derivative. The rf energy W of the cavity is a sharp function

of the resenance detuning £, and depends on it with a delay since the rf regime reacts to

change of £, with delay. Thus, the force (36) is a sharp and retarded functional of d(r,t)

»whnch produces the effective elasticity and friction. Their measure is glven by the quantlty

- §F(r, t)

K=- sd(r, t')

-¥K B (37)

‘where 1 is the dimensionless function

1 6y(t)
y 86,(t')
changing sign depending on the detuﬁing & and
’ N 2w éwrzs Owyes
w?,, éd(r) &d(r")
represents a scale of non-negative e]astxcnty produced by the rf forces for the system. In
terms of spectral representation, for a harmomc in t vibration d(r,t) ~ ', the quantity

Y, t) =

K o~

- K reduces to

K= K’(Q) iK"(Q)

12



where K’ and K" represent effective elasticity and friction of the mean rf forces. In the
limit 75 < 1, where 74 is a time delay scale of the reaction of W to £, (74 depends on
Wo/Qres, ¥ and &), these quantities take the form

’;'/)o o K" *Qfd"/)o e / o B (38)
thh the K glven above , the djmensmn]ess function

2Q%
14 Q%€ — 4Py¢€)

¢o=-

and £ = £ — 20y.

The quantity K” in (38) represents a viscous friction. H § <0 then ¥, >0 and the
effective friction is posmve producmg additional damping of mechamcal vibration. When
€ > 0 the friction is negatlve and tends to build up vibration in an area of pla,ne (y,{o)
out of the hysteresis jumps. Note that the statement about the signs does not depend
‘on the form of vibration. In the vicinity of vertical regions of the resonance curve y(&,)
¥, — oo indicating a huge increase of the negative friction. When it exceeds intrinsic
mechanical friction for a mode of low frequency vibration in the system, there should
arise automodulation. The corresponding area of instability is adjacent to the area of
hysteresis jumps (Fig. 5). Note that the estimate of the effective negative friction given
by (38) corresponds to the infinitesimal mechanical vibration. The threshold of instability
towards finite values of the mechanical perturbations may precede it covering a larger,
from the left s1de, area of the plane (y,¢,) than is plotted on Fig. 5.’

Another important type of slow nonlinear processes is thermal. The main contribution
to it is due to the fact that the magnitude M = |M]| is a decreasing function of the
temperature. So, M decreases wi‘th‘y and via H, = H. — 4rM this leads to the p’
decreasing with y. Hence the quantity 8¢ /6T produced by the thermal process is negative,
tending to deform the resonance curve as the considered magnetic nonlinearity. - Thus
the temperature distribution T(r,#) contains a contribution sharply dependent on the
resonance detuning and we may introduce, similarly to the quasilesticity of the mechanical
vibration, the effective quasielasticity of the behaviour of T'(r,t) produced by the rf heating
of the ferrite. The effective friction of this quasielasticity is negative at £ < 0, while at
§> 0 the effective rigidity is negative. In principle, both the thermal and striction process
together can provide the thermoelastic oscillation on the right side of the resonance curve
and on the left as well. Near the threshold of the therinal instability the frequency of
automodulation should have a square-root dependence

R ~ VY = Yaut

while the frequencies of the striction type of automodulation change insignificantly.

One more important mechanism of the automodulation is due to the relaxation de-
pendence afs) resulting in Q,.,(y) due to @,,(s) given by (19). The magnetic relaxation
process involved is faster than the thermal but still is a slow one, in our classification.
The characteristic time scale T, -of the response of « to s is Jarger than 27/w. Since the
process is less inertial than the thermal one, its role for the automodulation is expected to
be more essential. We have not found any literature on the dynamics of a. Infinitesimal
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oscillation éa(t) in response to variation of the rf field regime near its stationary state
may be approximated by the equation

dbax da '

ba=—6 39

T + 'Y (39)

The contribution to 8a/8y k‘neg"le”cti‘ng‘ the thermal process, due to change of the mean field

H,, was estimated in the end of sec. 3; it is negative and of magnitude p/(p' —1)0a /0" ~
5a. The variation éy in (39) is a retarded functional of éa. Roughly,

ay aQrea
aQres oo ar

Here 74 is the same as in (38). The denvatlves m the right can be estimated from
(33),(34),(22) and the relation between Q,i; and Q™ given in séc.- 4. As:a result,
provided the a.utomodulatxon frequency Q <« 1/714, the instability area is determined by
the inequality

Sy(t) =

—fa (t—Td)

€y 7 =D 1)
E-E)e-EIT,W o T © (40)

Note that ft and 75 are functions of y. It follows from (40) that the mstablhty should occur
on both sides of the resonance curve. On the Slde £ > 0 its area is adjacent to the area
"hysteresis jumps”, overlaping with the area "striction modulation”, On the side £ < 0 it
is located at larger va.lues of y. In Fig. 5it is labeled as thermomagnetit modulation, since
in fact the thermal process may be involved and give a considerable change of the trend.
The area is shown schematically, not to scale. Similar to the thermal automodulation the
frequency of the automodulation should have a square-root dependency on y This can be
used to distinguish mechanisms.

The effects become important when the lncrements of instabilities become comparable
with and exceed the synchrotron cycling frequency. Then they restrict operation of the
system, unless special measures are taken, like design of feedback loops to suppress the
automodu]atlon process. =

Throughout we assumed the rf oscx]la.tlon of M(r,t) in the fernte garnet being spatially
smooth. In principle, the regime can become unstable towards parametric excitation
of short-scale magnetlc oscillation at frequencies ~ w/2 or ~ w; generation at mu]tlp]e
frequencies of w are less plausible. The instabilities could sxgmﬁca,ntly decrease the effective
magnetic Q, i imposing serious limits on the operation of the system. Note that the position
of spectrum’ and interactions essential for the generation depend on the inhomogeneities
in the material and the bias field. In fact, the more the biasing magnetxc field exceeds the
hysteresis area the higher the frequencies of the dangerous Tesonances and the higher are
the instability thresholds. ‘

However, in view of magnetoelastic interactions in ferrite garnet there exist modes of
vibration at frequencies w/2 and w that cannot be removed and might be, in principle,
dangerous because of their possible parametrical excitation at high rf power levels. Again,
the effect should critically depend on the density of inhomogenities of the spatial scales
I ~ v/w, where v is the velocity of elastic waves in the material; roughly [ ~ 10-2 mm.

14



Any observation or mentioning of these many instabilities in the rf cavities with trans-
versely biased ferrite garnet is unknown to us. So we stop the discussion at ‘the sketchy
stage presented above.

8. Conclusion and Recommendations

Proceeding from a general model of magnetic behaviour, given by (5) with a phe-
nomenological parameter @ determining the magnetic loss, the investigation showed that
for the conditions of interest this parameter is a sharp function of the bias field rather
than a constant. The values that a takes differ by five and more times from the values
conventionally estimated via the linewidths of the spin resonances at microwaves. These
points should be taken into consideration when determining the trend of magnetic Q’s and
searching for optimal regimes and materials. .

The physics of such a trend of «, since it manifestss even at low ]evel rf ﬁelds, was

associated with the hysteresis phenomena. In this connection systematic measurements of
the frequency dependency of a would be of interest.

The consideration of magnetic loss as a function of rf power at levels below the in-
stability thresholds, Jead to the conclusion that both the dependence of a on the internal
field and the nonlinearity of magnetic subsystem with a = 0 should cause increase of
magnetic Q with rf power. This is not in agreement with observations reported at Los
Alamos [2]. Although possible explanations have been given, further detailed analysis and
experimental measurements would be necessary to fully understand the discrepancy.

' The nonlinear frequency shift of the rf resonant regime caused by the fast nonlinear
- process was investigated as a function of rf power. Two different methods of analysis
were developed and simple formulae for the scale 8 specifying the nonlinearity and its
dependence on the system’s parameters and rf regime were derived. Both methods lead to
the same estimate thus providing its reliability. This allows one to single out the nonlinear
effect of slow processes and put their measurement on a clear quantitative basis.

As shown, the nonlinear effect caused by ferrite garnet at high rf power can give rise
to a number of instabilities of the rf regime. First of all, it is the instability manifesting in
hysteresis jumps of the rf regime due to the nonlinear frequency shift. According to the
consideration this static instability should be preceded by dynamic instabilities dJsplaylng
in low frequency modulation of the rf regime together with elastic and thermo-magnetic low
frequency oscillation in the system. The TRIUMF system reaches the estimated threshold
of the static instability and further detailed analysis should be of interest, especially if
higher voltages are considered for the cavity.

The developed method of analysis of magnetxc loss and nonlinear eﬂect may- find ap-
plications in various high power rf cavities with transversely biased ferrxte.gamet
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The resonance curve of the whole sample (solid line) is
the sum of the dotted curves, representing the resonance
curves of the subvolumes. Far from the resonances the
tails of the curves are reduced to the same form.
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Fig. 2. Behaviour of @Q_ and p' for the ferrite
garnet used in the TRIUMF system
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